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Abstract: We present evidence for self-stabilization of the relative
spectral phase of high-order harmonic emission against intensity variations
of the driving field. Our results demonstrate that, near the laser focus, phase
matching of the harmonic field from a macroscopic target can compensate
for the intensity dependence of the intrinsic phase of the harmonics emitted
by a single radiator. As a consequence, we show experimentally and
theoretically the insensitivity of the harmonic spectra produced at the
laser focus against variations of the carrier-envelope phase (CEP) of a
sub-two-cycle driving field. In addition, the associated attosecond pulse
trains exhibit phase locking against CEP changes of the few-cycle driver.
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35. J.A. Pérez-Hernández, L. Roso, and L. Plaja, “Harmonic generation beyond the Strong-Field Approximation: the
physics behind the short-wave-infrared scaling laws,” Opt. Express 17, 9891–9903 (2009).
36. C. Hernández-Garcı́a, T. Popmintchev, M. M. Murnane, H. Kapteyn, L. Plaja, A. Becker and A. Jaron-Becker,
“Group velocity matching in high-order harmonic generation,” submitted.
37. C. Hernández-Garcı́a, I.J. Sola, and L. Plaja, “Signature of the transversal coherence length in high-order har-
monic generation,” Phys. Rev. A 88, 043848 (2013).
38. M.-C. Chen, C. Mancuso, C. Hernández-Garcı́a, F. Dollar, B. Galloway, D. Popmintchev, P. C. Huang, B. Walker,
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1. Introduction
High-order harmonic generation (HHG) is probably the simplest technique to obtain coherent
electromagnetic radiation at the extreme ultraviolet (XUV) [1,2] or soft X-ray regimes [3]. The
underlying process can be explained semiclassically by the so-called three-step model [4,5]. In
this model, in a first step, an electron is ionized from an atom by an intense laser and is sub-
sequently accelerated in the continuum, accumulating kinetic energy from the interaction with
the field. Finally, in a last step, the electron recombines with its parent ion, generating a high-
energy photon. The harmonic radiation is typically emitted twice per optical cycle, forming a
train of pulses of attosecond durations [6, 7], and even showing zeptosecond structures when
using long wavelength (mid-infrared) drivers [8]. As a consequence, the harmonic spectrum
strongly depends on the overall interference of the attosecond pulses at the detector. On the
other hand, the macroscopic harmonic signal is built from the coherent addition of the radiation
emitted from each elementary source in the target (typically atoms or molecules) [9, 10].
Recent developments in Ti:Sapphire (800 nm) based laser sources have enabled produc-
ing pulses as short as a few optical cycles, with durations below 5 fs (1.9 cycles) [11, 12]. In
these pulses, the intensity envelope has the temporal scale of the carrier oscillations. There-
fore the carrier-envelope phase (CEP), which is the offset between the envelope and the carrier
waves [13], becomes relevant in the definition of the field amplitude oscillations within the
pulse. There are many physical processes that depend directly on the particular shape of the
electric field in the pulse [14–16], in which the control of the CEP is necessary. As a conse-
quence, the community has made steps to achieve CEP stabilized laser systems. The standard
technique consists in broadening the spectrum of the laser pulse to at least an octave and to
make it interfere with its second harmonic. The interference between the two beams provides
information about the CEP [17, 18]. In this work we use an alternative system, where the oc-
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tave spanning pulse obtained after hollow-core fiber (HCF) post-compression directly interferes
with its second harmonic [19].
HHG being a highly nonlinear process, it is very sensitive to changes in the driving field and
therefore to changes in the CEP, when working with few-cycle laser pulses. For instance, CEP
is especially relevant in the generation of attosecond pulses. For an adequate CEP, few-cycle
laser pulses can limit the generation of harmonics to a single recollision event, and therefore to
a single attosecond pulse [20]. Therefore, a well defined and stabilized CEP is experimentally
required [21, 22].
In the past years, many efforts have been made to understand the microscopic (single-atom)
and macroscopic responses of the harmonic radiation to CEP variations. It has been found that,
in the few-cycle regime, CEP variations strongly modify the phase of the high-order harmonics,
resulting in a spectral shift of the harmonic spectrum [23–26]. In addition, the HHG contribu-
tion from the so-called long quantum paths exhibits higher CEP-dependence than the short
ones [27]. The role of CEP variations with macroscopic parameters such as ionization has also
been studied [28–30].
In this paper we study theoretically and experimentally the dependence of HHG with the
CEP of the driving field, under different macroscopic phase-matching conditions, in a gas jet
target. Surprisingly, we find that the HHG spectrum becomes quite insensitive to CEP changes
when the target is located near the laser focus. Firstly, we present our experimental methods and
results. Secondly, we present 3D simulations of HHG of a single emitter and a macroscopic tar-
get, corroborating the experimental results and demonstrating that the CEP insensitivity arises
only for the case of a macroscopic target. Then, we proceed to discuss the results, explaining
the phenomenon in terms of transversal phase-matching. Finally, we present simulations show-
ing that the phase difference between consecutive attosecond pulses becomes also insensitive
to CEP variations when the gas jet is placed near the focus position.
2. Experimental results
We use a 1-kHz Ti:Sapphire CPA amplifier (Femtolasers FemtoPower Compact PRO CEP)
delivering pulses with a Fourier-transform limit of 25 fs FWHM. The output pulse is post-
compressed in a hollow-core fiber (HCF), with an inner diameter of 250 micrometers and 1
meter length. The HCF is filled with argon at 1 bar. By compensating the spectral phase with
10 bounces on double-angle chirped mirrors [31] (Ultrafast Innovations GmbH, nominal GDD:
-40 fs2 per bounce, minimum reflectance: 99% from 500 to 1050 nm), 4 fs pulses with an
energy of 75 μJ are routinely obtained [32].
The laser pulse is then focused by a 50 cm focal length silver mirror. This mirror is placed on
a translation stage, so the position of the focus can be controlled. The pulse enters the vacuum
chamber through a 0.5 mm thick fused-silica window situated close to the focusing mirror
to avoid any possible nonlinear effects. High-order harmonic generation is performed on an
argon gas jet (5 bar of backing pressure), coming out from a nozzle of 500 μm diameter. The
pressure reached inside the vacuum chamber, where the high-order harmonics are generated,
is around 5×10−3 mbar. A 150-nm thick aluminum foil is used to filter the IR radiation and
the lower harmonics. The HHG spectra are obtained with a grazing-incidence Rowland circle
XUV spectrometer (Model 248/310G, McPherson Inc.), equipped with a 1-m radius and 300
grooves/mm spherical diffraction grating. A 4-mm slit is placed 2 meters far from the target.
The variation of the CEP is obtained using a home-made system, interfering the octave span-
ning pulse after HCF post-compression with its second harmonic [19]. The CEP is then stabi-
lized by acting on one of the BK7 wedges inside the beam path, obtaining a RMS measured
after the chirped mirrors of less than 200 mrad in 20 seconds (time taken to measure each XUV
spectrum). Pulse reconstruction is performed simultaneously [19] using d-scan technique [33].
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Fig. 1. D-scan traces measured (a) and retrieved (b) using d-scan technique [19]. In (c) the
spectral intensity (grey) together with the spectral phase (red) is shown, while in (d) the
pulse reconstructed, with a duration of 4.1 femtoseconds (fs) is presented.
Measured and retrieved d-scan traces are shown in Fig.1, as well as the spectrum and electric
field of the driving pulse and its temporal duration, 4.1 fs intensity FWHM.
Figure 2 shows a systematic study of the variation of the HHG spectra with CEP, for different
positions of the gas jet along the propagation direction. The experimental CEP-scans are shown
in the first column of Fig. 2, where each row corresponds to the different relative positions of
the gas jet respect to the focus, from (a1) z=-3 mm to (a5) z=1 mm. We observe the strongest
CEP dependence of the XUV spectra in panel (a1), z=-3 mm, i.e., when the gas-jet is placed 3
millimeters before the focus position. However, when the gas-jet is placed closer to the beam
focus, the dependence of the HHG spectra with CEP variations is largely reduced (see panel
(a4), z=0 mm). We stress that the CEP-insensitivity is found for a CEP-locked laser system. A
CEP-unlocked laser system may also show CEP-invariant harmonic spectra, coming from the
average of all CEP jitter values. However, in this later case, the harmonic spectra will degenerate
in a continuum structure.
3. Theoretical results
We compute high-order harmonic generation including propagation using the electromagnetic
field propagator [34]. We discretize the target (gas jet) into elementary radiators, and propagate
each emitted field Ej(r, t) to the detector,
E j(rd , t) =
q jsd








where q j is the charge of the electron, sd is a unitary vector pointing at the detector, and rd and
r j are the position vectors of the detector and of the elementary radiator j, respectively. The
dipole acceleration a j of each elementary source is computed using the SFA+ method [35], an
extension of the standard Strong Field Approximation. Note that Eq. (1) assumes the harmonic
radiation to propagate with the vacuum phase velocity, which is a reasonable assumption for
high-order harmonics in our low-density target. The signal at the detector is computed as the
coherent addition of the HHG contributions of all the elementary sources. Propagation effects
of the fundamental field, including plasma and neutral dispersion as well as time-dependent
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Fig. 2. CEP scans of on-axis HHG spectra for different relative positions of the gas jet and
the beam focus. Each panel shows XUV spectrum intensity, versus harmonic order (x-axis)
and CEP variation in π units (y-axis). The first column presents the experimental data; the
second, simulations of HHG for the macroscopic target (including propagation); in the third
column, results for a single-atom are presented. We show five relative positions of the gas
jet and the beam focus, from z=-3 mm, where the gas jet is placed 3 mm before the focus,
towards, z=1 mm, i.e., gas jet placed 1 mm after the focus position. The HHG spectra are
sensitive to CEP variations when the gas jet is placed far from the focus, and becomes more
insensitive near the focus.
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group velocity walk-off [36] are taken into account. The absorption of the harmonics in the
gas is modeled using Beer’s law. The method has shown excellent agreement with experiments
where phase matching is a relevant factor [3, 37, 38].
In order to reproduce the experimental conditions, we have considered a Gaussian beam
propagating along the z direction, with a beam waist of 38 μm (Rayleigh range of 5.67 mm),
focused into a transverse argon gas jet, modeled by a Gaussian density distribution along the z
and y directions with 500 μm FWHM, and a constant distribution along the jet axis (x direction).
The maximum argon density inside the gas jet is 3×1017 atoms/cm3. The laser pulse envelope
is modeled by a sin2 function, with 1.8 cycles FWHM (4.5 fs), 760 nm in wavelength, and
1.7×1014 W/cm2 peak intensity. The carrier is modeled as a cosine function. Note, as we will
see further in the discussion, that the details of the beam profile are of secondary importance to
demonstrate the CEP insensitivity. A more accurate description of the fundamental beam could
be done by considering a truncated Bessel beam profile [39, 40].
In the second column of Fig. 2 we present the simulation results for the CEP-scan of on-axis
high-harmonic radiation at different positions of the gas jet with respect to the laser focus: from
(b1) z=-3 mm to (b5) z=1 mm. The CEP-scan is simulated by changing the delay introduced by
propagating the driving laser pulse in a variable thickness of BK7 glass, mimicking the exper-
imental procedure. The refractive index of BK7 is obtained from [41]. In the third column of
Fig. 2, we present the CEP-scan of the microscopic HHG radiation generated by a single-atom
placed at different positions along the laser beam propagation axis. Overall, we can observe
very good agreement between experiment and the macroscopic simulations. The single-atom
results, however, show a strong sensitivity to the CEP at all target positions, even at the beam
focus (z = 0 mm). This suggests that phase-matching is behind the loss in CEP sensitivity, spe-
cially at the beam focus. Note, however, that in the single-atom results, low-order harmonics
are already less sensitive to CEP variations, as it has been shown recently [26].
4. Discussion: key-role of transversal phase-matching on the observed CEP insensitivity
at the focus position
According to the present understanding of HHG, high-order harmonics radiated during the rec-
ollision of the ionized electron with the parent ion form attosecond bursts of XUV radiation.
The interference between these attosecond emissions conforms the HHG spectrum. Therefore,
the dephasing of the subsequent attosecond bursts imprints changes in the shape of the spec-
trum. The intrinsic phase of a given harmonic (the phase acquired during the nonlinear HHG
process) depends on the averaged intensity of the driving field over the half-cycle where the rec-
ollision takes place. CEP changes in the driving field shift the recollision times along the pulse
envelope. For few-cycle pulses, the change in the intensity envelope is abrupt enough to alter
noticeably the phase of the harmonic emission at the subsequent recollisions, leaving an im-
print in the HHG spectrum. This explains the strong CEP sensitivity of the single-atom spectra
shown in the third column of Fig. 2. The same reason holds for the results from a macroscopic
target, shown in Fig. 2 for the experiment (first column) and 3D simulations (second column),
as long as the target is not located near the beam focus. The surprising CEP insensitivity of the
HHG spectrum at the focus, however, leads to the interesting conclusion that in the build-up
of the harmonic signal in the extended target, propagation effects may compensate the phase
shifts introduced by the CEP in the harmonics radiated by the single-atom source.
To gain some insight on this situation, let us compute the amplitude of the q-th order har-
monic radiated during a particular electron recollision, driven by a CEP-dependent field inten-
sity I0(r,φCEP). This intensity corresponds to the square of the maximum electric field during
the excursion time. In the forward direction, the far field (sum of all single-atom contributions)
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Fig. 3. Simulated CEP-scans where the longitudinal phase-matching is neglected by con-
sidering 1 μm thick targets. As depicted in the top scheme, we show different simulations
where the target is clipped at different radii R. The argon gas jet is placed 2 mm before
the focus position (first column) at the focus position (second column), and 2 mm after the
focus position (third column). While in the first row the target is not clipped transversely,
in the second and third rows it is clipped so that only radiation arising from R < 20 μm,
and R < 10 μm, respectively, is considered. Note that the beam waist at focus is of 38 μm
(Rayleigh range 5.67 mm). The yield is normalized in each panel.




where n(r) is the target’s density profile, centered at zt . Aq(r,φCEP) is the amplitude modulus
of the harmonic radiated at the target point r, whose phase is given by q times the phase of the
fundamental field, φ0(r, t), and the intensity-dependent intrinsic term [42, 43]. The integration
over the target volume leads to constructive interference only for the emissions at the regions
where the elementary radiators are coherently phase-matched. Our calculations show that the
results shown in Fig. 2 are not essentially modified for targets with different lengths, as long
as they are thin compared with the Rayleigh length, while the CEP insensitivity disappears if
the target is clipped in the transversal direction. To support this conclusion, we represent in the
first row of Fig. 3 the HHG spectra resulting from CEP-scans for a 1 μm thick target, placed
(a1) 2 mm before the focus position, (b1) at the focus position and (c1) 2 mm after the focus
position. Similarly as in the case with a thicker target (Fig. 2), CEP affects the HHG spectrum
when the target is located out of the beam focus, while at the focus insensitivity to the CEP is
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observed. The second and third rows show the same results, now clipping the target at different
radii R (shown in the scheme at the top of the figure), so only the radiation of the target around
the propagation axis at R < 20 and R < 10 microns, respectively, is considered. It becomes
apparent how the CEP insensitivity at the focus appears for wider targets, while thinner targets
show a behavior similar to the single-atom case in the third column of Fig. 2. (Note that the
overall shift of the CEP-scan structure between figures 2a3 and 2c3 reflects the effect of the
Gouy phase). Therefore the mechanism responsible for CEP insensitivity is mainly connected
with transversal phase matching [37].




n(ρ ,zt)Aq(ρ ,zt ,φCEP)eiqφ0(ρ ,zt ,,t)eiαI0(ρ ,zt ,,φCEP)ρdρ (3)











where we have assumed a Gaussian profile for the fundamental field, with intensity
I0(ρ ,zt ,φCEP) = I0(zt ,φCEP)exp
[−2ρ2/W 2(zt)], and phase φ0 = kρ2/2R(zt) + φG(zt), with
W (zt) the beam width, R(zt) the wavefront radius of curvature and φG(zt) the Gouy phase. All
radial contributions that do not fulfill Eq. (4), are not phase-matched, and therefore, will con-
tribute weakly to the total harmonic yield. Equation (4) corresponds to the condition of optimal














where zR is the Rayleigh length, and where we have used that W 2(zt)/R(zt) = λ zt/πzR. Figure
4(a) shows the stationary radius as a function of the target position, for the 17th harmonic, the
driving laser parameters used in Fig. 2 and the strong-field parameter, α = 1.45×10−14 cm2/W,
found from the action of the associated classical trajectories with recollision energies leading
to the harmonic order considered [9]. Complex radii appear in those situations in which the
stationary condition is not fulfilled. The figure demonstrates, therefore, that transversal phase
matching is possible near the laser focus, and that in these cases the annular phase-matched
region has a radius similar to the beam width. Substituting (5) into the Gaussian beam intensity
profile I0(ρ ,zt ,φCEP) above, we find that




If the stationary radii are well separated, Eq. (2) can be split into two independent contribu-
tions, Eq(zD, tD)  Ecq(zD, tD)+Erq(zD, tD), each one with the approximate phase evaluated at
the stationary points. Therefore
Ecq(zt ,φCEP) ∝ exp [iαI0(0,zt ,φCEP)] (7)









Note that, while harmonics generated at the beam center (ρcst = 0) are still dependent of the
intensity, and therefore on CEP, the harmonics generated at the ring with radius ρrst are inde-
pendent of the intensity and, therefore, invariant under CEP variations. The reason for this can
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Fig. 4. (a) Real (red line) and imaginary (green line) components of the radius of the ring
fulfilling the stationary phase condition, Eq. (5), for the 17th harmonic, for different po-
sitions of the target, zt , plotted in beam width units, W (zt). (b) Phase shift of the 17th
harmonic field as a function of the target location, when the driving field intensity is de-
creased from the maximal value I0(zt ,φCEP = 0) to I0(zt ,φCEP) = 0.25× I0(zt ,φCEP = 0)
(red line), 0.5× I0(zt ,φCEP = 0) (green line) and 0.75× I0(zt ,φCEP = 0) (blue line). The
driving laser Rayleigh length is zR = 6 mm, intensity at the focus 1.7× 1014 W/cm2 and
wavelength 760 nm, as in Fig. 2. The strong-field parameter α = 1.45× 10−14 cm2/W
is found from the action of classical trajectories with recollision energies leading to the
harmonic order considered [9].
be found in (6), which shows that the local intensity of the driving field at the ring of opti-
mal phase matching is fixed only by the Gaussian focusing parameters. Therefore, any change
of the driving field CEP forces the stationary-phase ring to accommodate to a new radius in
which the local intensity remains unchanged. As a consequence, the phase-matched harmonics
are always driven by the same electric field amplitude. We should stress that, in general, the
two stationary points are usually not well enough separated, therefore the preceding discussion
cannot be extended to a quantitative level. However, it gives enough grounds to understand the
underlying mechanism for the observed CEP insensitivity.
A more accurate confirmation can be drawn from the actual numerical integration of the total
field, given by Eq. (2). For simplicity we shall assume the transversal profile of the harmonic
field at the target to be proportional to the profile of the fundamental beam. Also, we shall
consider a flat density profile of the target. Figure 4(b) shows the phase of the 17th harmonic
for different intensities and target positions zt , using zR = 6 mm and intensity at the focus
1.7×1014, as in Fig. 2. We shall take as reference, φCEP = 0, the case in which the rescattering
takes place for the maximum intensity of the pulse, I0(zt ,φCEP = 0)= Imax, therefore any change
in CEP will cause a drop in the instantaneous intensity. Every colored line corresponds to the
phase difference in the harmonic field found by decreasing this maximum intensity to 0.75×
I0, 0.5× I0 and 0.25× I0. The analysis clearly shows that the sensitivity of the phase of the
harmonic field to variations in intensity is minimal in a rather small region around the laser
focus, while being more sensitive away from this region. Our simulations point out that near the
focus the harmonic emission is dominated by the annular region of the target with a stationary
phase independent of the intensity, while by the beam center (ρcst = 0) dominates elsewhere.
As a conclusion, we have demonstrated that transversal phase-matching mitigates the HHG
sensitivity to CEP variations of the few-cycle driving field under representative macroscopic
conditions, and, in particular, when the target is placed at the focus position. This strongly
suggests that the invariance of the HHG spectra belonging to the so-called plateau region in the
CEP-scan is not uniquely related to the presence of long driving laser pulses.
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Fig. 5. Insensitivity of the attosecond pulse train phase to CEP variations of the driving
field, when the gas jet is placed (a) at the focus (z = 0 mm) and (b) 2 mm before the
focus (z =−2 mm). The attosecond pulse train obtained for two CEP values (0.95 and 1.19
rad/π) is presented in panels (a1)(a2) and (b1)(b2) respectively. In panels (a3) and (b3) we
present the phase difference between the two main attosecond pulses (red and green lines)
for different CEP variations (BK7 insertion) for the 13rd (solid light blue), 15th (dashed
light blue), 17th (solid dark blue) and 19th (dashed dark blue) harmonics. When the gas jet
is placed at the focus (a3) the phase difference between consecutive attosecond pulses is
near zero for the different CEP, while out of focus (b3), the phase difference is larger and
sensitive to CEP variations.
5. Insensitivity of the relative phase between attosecond pulses to the driving-CEP
Once we have identified the CEP insensitivity of the harmonic spectrum when the gas jet is
placed at the focus position, we proceed to analyze theoretically its effect on the temporal
emission. Due to the different sign of the driving electric field at each half-cycle, consecutive
attosecond pulses are emitted with a global π-phase difference that results in the emission of
odd-order harmonics. If the phase relation between consecutive attosecond pulses is different
from π , additional spectral contributions are found [24–26], even producing a XUV continuum
[44]. The results presented in Fig. 2 show that when the gas jet is placed near the focus position,
the spectra is mainly composed of odd harmonics for the different values of the driving-CEP.
Thus, the phase relationship between the generated attosecond pulses must be expected to be
constant. On the other hand, when the gas jet is placed out of the focus, the structured CEP-scan
spectra indicate that the phase relationship between consecutive attosecond pulses is strongly
modified by the driving-CEP.
In Fig. 5 we present the attosecond pulse trains obtained for two CEP values (0.95 and 1.19
rad/π) when the gas jet is placed (a) at the focus (z = 0 mm) and (b) 2 mm before the focus
(z = −2 mm). These temporal structures are obtained after performing the Fourier transform
of the HHG spectra presented in Figs. 2(b4) and 2(b2) respectively, where an aluminum filter
(150 nm in thickness) was used to filter out the low-order harmonics. In order to analyze the
phase relationship between the main two attosecond pulses presented in the train (red and green
lines), we extract each pulse from the train and Fourier transform them separately. The phase
difference between these single-pulse spectra for different harmonic orders, from the 13th to the
19th, is plotted in Fig. 5(a3) for z = 0 mm and 5(b3) for z =−2 mm. The figure shows clearly
that the spectral phase difference between two consecutive attosecond bursts remains almost
constant with the harmonic order and the CEP, being nearly zero when the field is located at the
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focus. However, if the gas jet is placed out of the focus, the phase difference is different from
zero, and depends on the CEP of the driving field.
Therefore, attosecond pulses generated near the focus exhibit phase locking against CEP
variations in the driving field. As a consequence, our results suggest that macroscopic condi-
tions can be used to lock the relative phase between attosecond pulses in the train, without the
requirement of a low-noise CEP-stabilized laser system. In Fig. 5, we observe phase-locked
attosecond pulses even for a CEP jitter of 750 mrad (horizontal range of the figure), which is
well above the performance of the state-of-the-art CEP stabilized laser systems employed for
attoscience work (< 200 mrad).
6. Conclusions
We have analyzed the dependence of HHG with the CEP for sub-two cycle driving field aimed
to a gas jet target. When the gas-jet is far from the focus, the XUV spectrum varies strongly
with the CEP, while when the gas-jet is positioned near the focus position, the spectra are
found to be robust against CEP variations. Theoretical analysis demonstrates that harmonics
are transversally phase matched in an annular region, whose location accommodates to changes
in CEP in such a way that the intrinsic phase of the harmonic field becomes insensitive to CEP
variations. For the same reason, attosecond pulse trains generated near the focus exhibit phase
locking against changes in CEP.
Our results show that macroscopic parameters, such as the relative position between the tar-
get and the focus, can be employed to control the CEP dependance of HHG spectra when using
few-cycle pulses. This opens the possibility of minimizing the CEP dependance of the harmon-
ics driven by few-cycle drivers, which can be useful, for example, to stabilize the generated
attosecond pulse train, that can be used as a reference. Finally, these results strongly suggest
that the invariance of the HHG spectra in the CEP-scan measurement is not uniquely related to
the presence of long driving laser pulses.
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